




SIGNAL PROCESSING IN A SATELLITE RADAR ALTIMETER 

C. F. Price 

ABSTRACT 

Certain problems in obtaining accurate altitude measure- 

ments over the ocean surface from a satellite pulsed-radar 

altimeter are considered. Particular attention is directed 

toward eliminating sources of bias errors that have the same 

order of magnitude as the ultimate desired resolution accuracy. 

Both narrow-beam and gated wide-beam radars are investigated. 

The discussion includes criteria for:selecting the radar beam 

width and pulse repetition frequency, geometrical correction 

for the beam's spherical wavefront, altitude estimation equations 

and analysis of estimation performance. 
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I. INTRODUCTION 

T h e  p o s s i b i l i t y  of  u s ing  a sa te l l i t e  i n  o r b i t  about  the 

e a r t h  t o  o b t a i n  a c c u r a t e  a l t i t u d e  measurements has  been proposed 

i n  r e c e n t  y e a r s  by s e v e r a l  a u t h o r s  i n t e r e s t e d  i n  the  geo- 

p h y s i c a l  and oceanographic sc i ences .  Such measurements are po- 

t e n t i a l l y  u s e f u l  f o r  Zetermining a b e t t e r  model of  t h e , e a r t h ' s  

g r a v i t a t i o n a l  p o t e n t i a l ,  f o r  o b t a i n i n g  more a c c u r a t e  knowledge 

of s a t e l l i t e  o r b i t s ,  and f o r  l e a r n i n g  more about  the c h a r a c t e r -  

i s t i c  f e a t u r e s  of  t h e  e a r t h ' s  s u r f a c e .  A l t i t u d e  measurements 

above the  s u r f a c e s  o f  the oceans are cons idered  e s p e c i a l l y  

u s e f u l .  I n  the absence of t i d e s ,  ocean c u r r e n t s ,  and wind waves, 

t he  oceans '  su r f aces .  conform t o  an e q u i p o t e n t i a l  s u r f a c e  de f ined  

as t h e  geoid .  Knowledge of s a t e l l i t e  a l t i t u d e  above t h e  geoid i s  

u s e f u l  f o r  determining bo th  t he  g e o i d a l  and o r b i t a l  f e a t u r e s .  

Although the  presence of s torm winds,  t i d e s ,  and c u r r e n t s  d i s -  

t o r t s  the  f e a t u r e s  of i n t e r e s t  t o  g e o d e s i s t s ,  t hey  cause v a r i a t i o n s  

i n  ocean l e v e l  which are o f  i n t e r e s t  $0 oceanogj?aphers i n  deter- 

mining t h e  dynamic behavior  of t h e  seas. 

Pulsed radar a l t imeter  systems have been proposed * y 3  for 

making a l t i t u d e  measurements. With r e s p e c t  t o  alt imeter 

des ign ,  t h e  emphasis of  these i n v e s t i g a t i o n s  i s  upon antenna and 
f 

t r a n s m i t t e r  power l e v e l  requi rements ,  sources  of u n c e r t a i n t y ,  

and measurement accuracy requirements .  The r e s u l t i n g  c o m l u s i o n s  

t h a t  are r e l e v a n t  t o  t h i s  d i s c u s s i o n  are: (1) High r e c e i v e r  s i g n a l  

t o  n o i s e  r a t i o s  (10db) are ach ievab le  w i t h  modest t r a n s m i t t e r  

power l e v e l s  (a f e w  microwatts t o  a f e w  watts average 
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power depending upon t h e  r a d a r  beam dimensions) ;  ( 2 )  To o b t a i n  

measurements having the r e q u i r e d  r e s o l u t i o n  p r o p e r t i e s  a t  t h e  

ocean ' s  surface, one r e q u i r e s  e i ther  a narrow r a d a r  beam (a f e w  

m i l l i r a d i a n s  f o r  a sa te l l i t e  a l t i t u d e  of 6 0 0  km) or accura t e  

g a t i n g  of t h e  i n i t i a l  p o r t i o n  of each r e t u r n  pu l se  from a wide 

beam (a f e w  degrees  a t  6 0 0  km a l t i t u d e ) ;  ( 3 )  U l t i m a t e  a l t i t u d e  

r e s o l u t i o n  (af ter  f i l t e r i n g  o u t  h igh  frequency no i se  i n  t h e  

sequence of a l t i t u d e  measurements) on the o r d e r  of one f o o t  

o r  bettec i s  r equ i r ed  i n  o rde r  t o  observe the desired ocean 

surface v a r i a t i o n s .  

I n  t h e  r e f e r e n c e s  mentioned above t h e r e  has been no d e t a i l e d  

d i s c u s s i o n  of t h e  process ing  techniques used t o  o b t a i n  a l t i t u d e  

estimates from each r e t u r n  pu l se .  It  is implied t h a t  t h e  l ead ing  

edge of  t he  r e t u r n  provides  t he  estimate; i f  t h i s  be t h e  case, 

the process ing  technique r e q u i r e s  l i t t l e  e l a b o r a t i o n .  However, 

a p o t e n t i a l  disadvantage of  t h e  l ead ing  edge tracker i n  t h i s  

a p p l i c a t i o n  i s  tha t  t he  r e s u l t i n g  estimate may con ta in  a bias 

o f  the  same o r d e r  as the  u l t i m a t e  r e s o l u t i o n  desired. One 

p o s s i b l e  source of bias i s  t h e  fact  t h a t  r e f l e c t i o n s  from wave 

t o p s  a r r i v e  a t  the r e c e i v e r  f i r s t ;  

o f  the r e t u r n  s i g n a l  i s  a f f e c t e d  by the sea state.  

i s  d i scussed  b r i e f l y  by Greenwoold, e t  e a l .  * Another characteristic 

of t h e  l ead ing  edge tracker i s  t h a t  only a s m a l l  p o r t i o n  of  t he  

radar r e t u r n  s i g n a l  i s  analyzed f o r  u s e f u l  information.  E s s e n t i a l l y  

hence t h e  t i m e  o f  a r r i v a l  

T h i s  ques t ion  

t he  r e f l e c t i o n  from only a p o i n t  i s  u t i l i z e d .  More e f f i c i e n t  

e s t i m a t i o n  procedures  might be developed which process  t he  e n t i r e  

r e t u r n  p u l s e  t o  o b t a i n  an a l t i t u d e  estimate from an element 
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of sea s u r f a c e  having non-zero area. On t h e  o t h e r  hand, i f  

in format ion  from more t h a n  one p o i n t  on t h e  s u r f a c e  w i t h i n  t h e  

r a d a r  beam i s  t o  be processed ,  an a p p r o p r i a t e  d e f i n f t i o n  of 

a l t i t u d e  must be e s t a b l i s h e d .  It i s  t h e  purpose of t h i s  r e p o r t  

- 

t o  d i s c u s s  t h e s e  q u e s t i o n s .  

The emphasis o f  t h i s  d i s c u s s i o n  i s  on t h o s e  alt imeter 

des ign  f e a t u r e s  r e l a t e d  t o  t h e  p rocess ing  of t h e  r a d a r  r e t u r n  

s i g n a l .  P a r t i c u l a r  a t t e n t i o n  i s  d i r e c t e d  toward e l i m i n a t i n g  

sources  o f  b i a s  e r r o r s  l a r g e r  t han  t h e  r e q u i r e d  p o s t  f i l t e r i n g  

r e s o l u t i o n .  The s u b j e c t i v e  c o n t e n t s  of t h e  fo l lowing  s e c t i o n s  

are: (1) A d e f i n i t i o n  o f  s a t e l l i t e  a l t i t u d e  a p p r o p r i a t e  f o r  

p rocess ing  t h e  pulsed  radar r e t u r n  s i g n a l  i s  e s t a b l i s h e d ;  ( 2 )  

Criteria are developed for s e l e c t i n g  t h e  p u l s e  r e p e t i t i o n  ra te  

and t h e  r a d a r  beam width; ( 3 )  A geometr ica l  c o r r e c t i o n  f o r  

t h e  radar beam's s p h e r i c a l  wavefront i s  de r ived ;  ( 4 )  An est i -  

mation f o r  s a t e l l i t e  a l t i t u d e  i s  de r ived ;  ( 5 )  The e s t i m a t i o n  

.- 

e r r o r  i s  analyzed;  ( 6 )  Appl i ca t ion  of a ga ted  wide-angle beam 

i s  cons idered .  

The nex t  f i v e  s e c t i o n s  d e a l  w i t h  t h e  case where t h e  e n t i r e  

r a d a r  r e t u r n  s i g n a l  from a narrow beam i s  t o  be processed.  

Subsequently,  mod i f i ca t ions  o f  t h e  narrow beam techniques  are 

suggested f o r  the  case of t h e  ga t ed  wide beam proposed by 

Greenwood, e t .  a l .  Because t h e  hardware requirements  of t h e  

narrow and wide beam r a d a r s  d i f f e r  markedly, one des ign  may 

be d i s t i n c t l y  p r e f e r a b l e  t o  ano the r  i n  a given experiment.  

Hence, it i s  d e s i r a b l e  t o  have a s i g n a l  p rocess ing  technique  

t h a t  i s  adap tab le  t o  e i t h e r .  
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11. A MODEL FOR THE RADAR ALTIMETER 

The f u n c t i o n  of a radar alt imeter can be i n t e r p r e t e d  as 

t h a t  of a sampler t a k i n g  d i s c r e t e  measurements of a l t i t u d e  above 

t h e  e a r t h ' s  s u r f a c e .  Each sample c o n s i s t s  of a p u l s e  of  r e f l e c t e d  

energy t h a t  i s  processed  to y i e l d  a measurement or estimate of 

a l t i t u d e .  A s  t h e  s a t e l l i t e  p a s s e s  over  the  ocean, it views the  

cont inuous ly  changing s u r f a c e  topography a long  i t s  track. The 

I 

su r face  f e a t u r e s  are a combination of  waves t h a t  are t i m e  

vary ing  w i t h  r e s p e c t  t o  t he  earth, e.g.  caused by winds and 

t i d e s ,  and the s t a t i o n a r y  o r  s t a n d i n g  waves caused by ocean 

c u r r e n t s  and v a r i a t i o n s  i n  t h e  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l .  

To o b t a i n  a model f o r  t he  a l t i t u d e  measuring p r o c e s s ,  assume 

tha t  t he  ocean s u r f a c e  i l l u m i n a t e d  by the r a d a r  beam i s  s t a t i o n a r y  

dur ing  each r a d a r  pu l se .  The s i t u a t i o n  is i l l u s t r a t e d  by t h e  

one-dimensional c rDss - sec t iona l  view i n  F ig .  1. A g e n e r a l  model 

for t h e  a l t i t u d e  measurement i s  t h a t  a t  t i m e  ti, a sample hi 

i s  genera ted  by some f u n c t i o n a l  o p e r a t i o n  F (  upon t h e  ocean 

area inc luded  w i t h i n  the r a d a r  beam. T h i s  i s  denoted by 
b 

hi = FCh(x,y)];  ( x - x ~ ) ~  + ( y - y i I 2  5 . R  - (1) 

where h (x ,y )  denotes  t h e  a l t i t u d e  as a f u n c t i o n  o f  datu@ 

c o o r d i n a t e s ,  x and y ,  and R i s  the r a d i u s  o f  t h e  radar beam 

c r o s s - s e c t i o n a l  area. 

Assume, t h a t  it i s  d e s i r e d  t o  detect v a r i a t i o n s  i n  t h e  

ocean ' s  s u r f a c e  having s p a t i a l  p e r i o d s  g r e a t e r  t han  an amount 

D i n  both  x and y coord ina te s .  T h i s  imp l i e s  t h a t  v a r i a t i o n s  
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Ocean Surface 

- 1  
Figure 1 One - dimensional i l lustration of radar  beam 

Configuration. 
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wi th  smaller p e r i o d s  are t o  be e l imina ted  by a n  a p p r o p r i a t e  

f i l t e r .  

sample  

Now suppose t h a t  hi i n  Eq. (1) i s  simply a p o i n t  

h = h(xi,yi)  i 
We know from t h e  sampling theorem t h a t  no l o w  f requency 

informat ion  i s  l o s t  i n  the sampling o p e r a t i o n  i f  t h e  sampling 

frequency i s  c o n s t a n t  and equa l  t o  or g r e a t e r  than  t w i c e  t h e  

h i g h e s t  f requency t o  be r e t a i n e d .  However, i f  t h e  sampling 

frequency is lower than  twice t h e  h i g h e s t  f requency t o  be 

e l i m i n a t e d ,  the  unwanted h igh  frequency v a r i a t i o n s  are converted 

t o  low frequency v a r i a t i o n s  having t h e  same ampli tude;  t h e  

l a t t e r  effect  i s  known as a l i a s i n g .  Therefore ,  i f  the  sampling 

process  i s  t o  be p e r f e c t  i n  the  sense  t h a t  there i s  no n e t  

l o s s  o f  in format ion ,  t h e  sampling frequency must be twice 

the  h i g h e s t  f requency p r e s e n t  i n  t he  ocean ' s  s u r f a c e  v a r i a t i o n .  

N o w  because t h e  r a d a r  beam has non-zero width and t h e  ocean 

s u r f a c e  i s  i r r e g u l a r ,  it i s  not  p o s s i b l e  t o  sample the s a t e l l i t e ' s  

a l t i t u d e  uniformly over  t he  datum plane .  Even i f  uniform 

p o i n t  sampling were p o s s i b l e ,  the sampling frequency r e q u i r e d  

t o  p r e s e r v e  informat ion  i s  i m p r a c t i c a l  t o  achieve .  We desire 

t o  d e v i s e  a r a d a r  s i g n a l  p rocess ing  technique  t h a t  i s  a 

r easonab le  approximation t o  the p e r f e c t  p o i n t  sampler.  This 

t a s k  i s  complicated by t h e  fac t  t h a t  a given r a d a r  r e t u r n  s i g a n l  

r ece ived  as a f u n c t i o n  of  one independent v a r i a b l e ,  t i m e ,  does 

no t  map i n t o  a unique f u n c t i o n  h ( x , y )  w i t h i n  t h e  r a d a r  beam 

because t h e  l a t t e r  i s  a f u n c t i o n  o f  two independent v a r i a b l e s .  

Furthermore,  i f  t h e  r e d u c t i o n  o f  t h e  r a d a r  r e t u r n  s i g n a l  t o  
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a number representing altitude is to be accomplished on board 

the satellite, the pmcessing technique must be reasonably 

simple to implement. Both of these factors motivate the following 

heuristic arguments for the receiver design. 

Assiime, for the moment, that the radar beam width R at 

the ocean surface is much smaller than the smallest spatial 

period of interest. With this condition, at a given location 

of the beam in the x-y plane, the desired component of satellite 

altitude is nearly constant over the beam area. Now if the 

unwanted surface variations are of sufficiently high frequency, 

a nearly optimal altitude estimate f o r  many estimation criteria 

is simply the average height of the satellite over the beam area. 

With altitude measured below the x-y plane in Fig. 1, the 

altitude estimate is given by 

h(x,y)dxdy - 1  - 
hi - A ( 2 )  

where A denotes the beam area and A(xi,yi) denotes the region 

of the x-y plane enclosed by the beam area. 

It is proposed here that E. yields a useful estimate of 
1 

altitude even when the conditions under which it is optimal do 

not hold. Furthermore, it is an estimate that can be obtained 

approximately from the radar return signal with a reasonably 

simple processing scheme. 

of this estimator is analyzed and a method of implementing it 

with the radar return signal is described. 

In succeeding sections the performance 
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111. PERFORMANCE ANALYSIS OF ALTITUDE ESTIMATOR 

An analysis of the altitude estimate provided by Eq. (2) 

is facilitated if one axis, say x, of the x-y plane is taken 

along the satellite's track. Furthermore, it is mathematically 

convenient to assume that the radar beam has a square cross- 

sectional area with side length R so that A(xi,yi) is,a square 

element of ocean area. With these assumptions and the definition 

-R/2 

Eq. (2) becomes 

Now assume that a sequence {Ki) of measurements generated 
by Eq. ( 4 )  is to be made with a uniform interval X between 

measurements. This sequence can be thought of as generated by 

sampling the function 

at regular intervals X. A block diagram illustrating the evolution 

of {Ei} is given in Fig.2 using imaginary frequency operator 
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Figure 2 Generotion of { i} from i,, (XI . 
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notation with 

w = 2#x 

Recall that our objective is to obtain altimeter measure- 

ments that introduce as little distortion as possible: we deaire 

to closely approach "perfect" sampling, in the sense defined 

previously. 

technique represented by Fig. 2 can be evaluated by comparison 

of the frequency spectra of {Ei) and (XI. Denoting spectra 

by capital letters and regarding {he) as a sequence of impulses 

with the notation 

pc(x> A - {hi) 

The actual performance obtained from the processing 

Y 

1 

4 we can relate R(ju)fc to B ( j w )  by Y 

where 

Equations ( 6 )  and ( 7 )  are derived from well known results in 

sampling theory, assuming E ( X I  is a stationary random process. Y 
Under the constraint that the radar altimeter operate as 

illustrated in Fig. 2, it is easily determined from Eqs. ( 6 )  

and (7) what choices of the parameters, X and R, lead to 
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approximately perfect sampling. First, suppose that the desired 

portion of the spectrum of fl (jw) lies within the interval 
Y 

-2r/D L - W L - 2IT/DA WD 

Define 

It follows that 

Because 

it follows from Eq. ( 9 )  that the distortion of the desired 

portion of 

dimension R. If 

( j w )  caused by G(jw) is determined by the beam 
Y 

RuD <<  IT 

the distortion is held to a small level. 

require 

In practice one may 

RwD = 2nKD 

where K 

departure of (G(jw>12 from the value, one, for I w l  - < w 

terms of the spatial period D ,  

3,s a design parameter chosen according to the acceptable D 
In - D" 
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= KD << 1 (10) 

Typica l ly ,  one may be i n t e r e s t e d  i n  ocean s u r f a c e  v a r i a t i o n s  

for which D = 50-100 m i l e s .  Radar beam widths  a t  t h e  ocean s u r f a c e  

legs t han  t e n  m i l e s  appear  p o s s i b l e 3 s o  t h a t  cond i t ion  (10) 

can be achieved.  

Our n e x t  t a s k  i s  t o  determine t h e  va lue  of  X. From t h e  

adverse  effects of  a l i a s i n g ,  w e  i n f e r  t h a t  t h e  sampling frequency 

should equa l  t w i c e  t h e  h i g h e s t  s i g n i f i c a n t  frequency contained 

i n  B ( j w ) .  Because 

t h e  effect  of G ( j w )  i s  t o  suppress  t h e  h i g h e s t  f r equenc ie s  i n  

H y ( j w ) .  
- 

For a given choice o f  R ,  assume t h a t  t h e r e  i s  some 

frequency, w for which t-ha q u a n t i t y  1IRw i s  s u f f i c i e n t l y  s m a l l  
S ’  S 

such t h a t  

S 
The q u a n t i t y  ws may be s p e c i f i e d  by a design parameter K 

according t o  

I. = KS 1 
i T q  (11) 

The sampling frequency should be t w i c e  t h e  va lue  of  us so t h a t  

by Eq. (111, 

X = nRKS 
(12) 
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Equations (10) and (12) provide simple design criteria for 

picking altimeter parameters, R and X, on the basis of "distortion" 

parameters K and K Both K and K should be sufficiently 

small to achieve acceptable sampling fidelity. However, their 

lowest possible values are limited by the allowable antenna size 

and the available radar power, both of which increase as K 

and K are made small. The quantitative relationship is roughly 

indicated by 

D S' D S 

D 

S 

h -  h Antenna Diameter n., - - - R DKD 

R2 = DKD - Average Power % - 
X TrKS 

where h is an approximate value of the satellite's altitude. 

We have also noted that G ( j w )  attenuated the high frequencies 

in ( j w ) .  This is desirable behavior because we presume the 

high frequencies are to be eliminated from the ocean surface 

spectrum by appropriate filtering of the sequence {E.}.  

Y 

1 

This discussion has presented an evaluation of the estimate 

defined in Eq. ( 2 )  in terms of the resulting distortion of 

the desired ocean spectrum. The next task is to determine in 

what sense the radar return can be processed to obtain this 

estimate. The remainder of this report is concerned only with 

the details of obtaining the sequence {E.} from radar return 

echoes. The problem of processing the sequence.to obtain the 
1 

desired portion of the sea surface spectrum should be amenable 

to standard filtering methods and is not treated here. 
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I V .  THE GEOMETRY OF THE RADAR BEAM 

Before cons ide r ing  t h e  d e t a i l s  of r a d a r  s i g n a l  p rocess ing ,  

w e  examine t h e  effect  of t h e  radar beam geometry upon t h e  a l t i t u d e  

measurement. This  s u b j e c t  has  been d i scussed  by o t h e r s  2 9 3  

from a somewhat d i f f e r e n t  p o i n t  of view. 

The s i t u a t i o n  i s  as dep ic t ed  i n  Fig.  3 .  The s a t e l l i t e  t r a n s -  

m i t s  r a d i a t i o n  conf ined  t o  a beam half-width a having a s p h e r i c a l  

wavef ront .”  A s  is shown i n  t h e  next  s e c t i o n ,  t h e  ref lected 
.*. 

r e t u r n  i s  processed t o  g i v e  a measure of t h e  average d i s t a n c e ,  

h ,  f r o m  t h e  s a t e l l i t e  of t h e  ocean’s  s u r f a c e  conta ined  w i t h i n  

t h e  r a d a r  beam. 

.” 

What i s  d e s i r e d  i s  t h e  average a l t i t u d e ,  E, 

o f  t h e  s a t e l l i t e  measured from a p lane  cen te red  a t  t h e  s a t e l l i t e  

and pe rpend icu la r  t o  t h e  c e n t e r  l i n e  o f  t h e  beam. I n  t h i s  

s e c t i o n ,  a r e l a t i o n s h i p  between and 5 i s  de r ived .  
.., 

I n  t e r m s  o f  t h e  q u a n t i t i e s  de f ined  i n  F ig .  3 ,  h is given 

approximately by 

.., 
where a i s  taken  t o  be a s m a l l  ang le  and A is  approximately 

~ ~~ ~ ~~ 

* Assume t h e  energy d e n s i t y  i n  t h e  beam i s  uniform i n  8 and $; 
o the rwise  t h e  subsequent d i s c u s s i o n  must be modified.  
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-.- .. - Ocean Surface 

Figure 3 Satel l i te  beam geometry 

-16- 



Equation (15) i s  u s e f u l  i n  

accuracy i n  A i s  about  one 
m 

4a2 2 = - [Armax]  
A A 

subsequent  d e r i v a t i o n s ;  t h e  r e s u l t i n g  

p a r t  i n  1/~, where 3s 
A 

(16) 

max 978 Ar 

T h e  d e s i r e d  

given by 

average a l t i t u d e  de f ined  i n  E q .  ( 2 )  i s  

A 

where h ( x , y )  i s  t h e  d i s t a n c e  t o  t h e  ocean s u r f a c e  a long  a 

normal t o  the  x-y p lane  i n  F ig .  3 and A i s  the  p r o j e c t i o n  of 

A onto  the  x-y p l a n e ,  
-w 

A = j l d x d y  

A 

Now in t roduce  the  t r ans fo rma t ion  equa t ions  

h ( x , y )  = r (8 ,@>cosecos@ 

y = r ( e , @ ) s i n e  

x = r ( e , @ ) c o s e s i n @  

(19) 

* See Appendix A for t h e  d e r i v a t i o n  of Eqs, (16) and (17). 
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Using these relations with Eq. (17) to change variables of 

integration in Eq. (18) and (191, one obtains 

r2cosecos$Crcos2ecos$tAr 4 sin$+Arecos~cos$sin8]d~d$ 
-a i,"" -Jm 

[r2cos28cos$+Aa 0 rsin$+Arercos8cos$sin@]ded$ 

where r A - r ( e , @ >  and 

Linearization of ff abou 
produces 

h, as ctfined in Eqs. (14) and (15), 

or 

* 

Equation ( 2 2 )  is the desired expression for E in terms of h; 

it has the important property that knowledge of the details of 

-18- 



of r ( B , $ ) i s  - n o t  r e q u i r e d  when h i s  given. 

The accuracy i n  

@ne p a r t  i n  1/& wheresk 

computed by Eq.  ( 2 2 )  i s  of t h e  o r d e r  of 

Ti  

An estimate of  t h e  magnitude of 

v a r i a t i o n s  i s  ob ta ined  by l e t t i n g  

f o r  t y p i c a l  ocean s u r f a c e  
'E; 

A r c p  = kArmaxsink+ 

For l a r g e  and ' sma l l  va lues  of k, 

A 

I n  t h e  conf igu ra t ion  considered by Frey, e t .  a1.3, it i s  

concluded t h a t  an extremely narrow r a d a r  beam (a % lf3 r a d i a n s )  

i s  r e q u i r e d  t o  l i m i t  t h e  e r r o r  between t h e  a c t u a l  range 

* See Appendix A for d e r i v a t i o n  of Eq. (23). 
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measurement and the d e s i r e d  a l t i t u d e  measurement. I n  cases 

of p r a c t i c a l  i n t e r e s t  us ing  t h e  p rocess ing  technique  cons idered  

h e r e ,  t h e  e r r o r  i n  E, computed from Eq. ( 2 2 1 ,  i s  far  below 

t h e  u l t i m a t e  accuracy r e q u i r e d .  Thus it i s  concluded t h a t  

t h e r e  i s  no need t o  use  such a narrow beam s o l e l y  f o r  t h e  purpose 

of having 2 h when c o r r e c t i o n  by E q .  ( 2 2 )  i s  p o s s i b l e .  O f  

course ,  a narrow beam i s  d e s i r a b l e  t o  o b t a i n  t h e  d e s i r e d  a l t i t u d e  

r e s o l u t i o n  f o r  t h e  reasons  i n d i c a t e d  i n  t h e  preceding  s e c t i o n s .  

..d 
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V. PROCESSING THE RADAR RETURN SIGNAL 

In order to determine a useful technique for processing 

the radar return signal, first consider the signal caused by 

reflection from an "idealized" ocean surface corrupted by 

additive gaussian white noise, n(t), which is independent of 

the signal with statistics 

E{n(t)) = 0 

E{n(tl)n(t 1) = 0: 6(t - t 1 
2 2 1 

Imagine that the ocean surface is a two-dbensional staircase 

composed of equal step heights, Ah. A one-dimensional representation 

is given in Fig. 4 with h(8,$) interpreted as the radial distance. 

from the satellite. Let the transmitted signal, s(t> be 

s ( + ) =  f(t)coswct ( 2 6 )  

where wc is an appropriate carrier frequency and f(t) is 

amplitude modulation.fc 

at a particular range hi (see the shaded section in Fig. 4 )  to 

be a rough scatterer which has scattering properties that are 

independent of those for the surface area at any other range, 

one possible model' f o r  the radar return is 

Assuming the total surface area AAi 

*Conceivably the use of both amplitude and frequency modulation 
might be beneficial if short pulse durations are impractical. 
Only amplitude modulation is considered here. 
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The ai and bi are independent ,  zero-mean, gauss ian  random 

v a r i a b l e s  wi th  

where p i  i s  a r e f l e c t i o n  c o e f f i c i e n t  and 

2Ah A T  - 
C - 

( 2 9 )  

It i s  assumed i n  summing over  t h e  index i t h a t  t h e  ocean s u r f a c e  

l i es  w i t h i n  a known a l t i t u d e  band 

hk hi h hktN . _. 

Any doppler  s h i f t  caused by motion of t h e  ocean s u r f a c e  wi th  

r e s p e c t  t o  t h e  s a t e l l i t e  i s  neg lec t ed .  T h e r e f o r e , r ( t )  i s  a 

zero-mean gauss ian  random process .  

Now wi th  t h e  assumption t h a t  

f ( t )  = 0; t < 0 ;  t 22ah 
C 

- 

it i s  clear t h a t  Eq. ( 2 7 )  becomes 

(30) 

Recall t h a t  the q u a n t i t y  t o  bo measured or es t imated  i s  

the average range  given by Eq. (18) .  T h i s  i s  determined from 
- -  
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.., 
h in Eq. (14) and the transformation equation ( 2 2 ) .  In terms 

of the quantities in Fig. 4, is given by 

h =  * C h i A  Ai 

C A A ~  
( 3 2 )  

Because of the statistical dependence of the radar return upon 

AAi, only an estimate h of h can be obtained. To determine 
2 w 

a 
h, define the quantities 

V = xhiAAi 

. A =CAA~ (33) 

and their estimates V and A. It is our intention to compute h as 
h 

A 

This is an optimal estimation procedure when the estimation 

criterion is that of maximum liklihood. 
h A 

Maximum liklihood estimates V and A are determined in terms 
A 

of the corresponding estimates AAi of A A . .  With the model for 

the radar 

from each 

liklihood 

n - AAi - 

~ I 

return given by Eq. (311, the contributions to r(t) 

AA. are orthogonal in time. Hence the maximum 

estimate of AAi is defined5 by the relations25 
1 

44 
2 + p  - Et2an21 piEt2 cr ai bi (35) 

9~ The contributions of double frequency terms in Eqs. (37) and (38) 
are ignored. 
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T 
k+N+l 

k+N*1 T 

J 

'k 

and 

.., 
The estimate of h i s  computed according t o  Eq. ( 3 4 ) .  

h - 
The important  s ta t i s t ica l  parameters of h - - i t s  mean and varg- 

ance--are c a l c u l a t e d  from a l i n e a r i z e d  a n a l y s i s  of t h e  e f f e c t  
h h 

of  t h e  e r r o r s  i n  V and A. Neglect ing the effect  of  t h e  no i se ,  

The r eason  f o r  neg lec t ing  n ( t )  i n  these c a l c u l a t i o n s  i s  t h a t  

t h e  r e t u r n  s i g n a l  t o  no i se  r a t i o  i s  q u i t e  l a r g e  i n  t h i s  a p p l i c a t i o n  

so t h a t  e s t ima t ion  errors caused by t h e  presence of n ( t >  are 

small compared wi th  those  a t t r i b u t e d  t o  t h e  s ta t i s t ica l  na tu re  

of t h e  r e f l e c t i o n  process .  I n  p a r t i c u l a r ,  i f  there are N 

l e v e l s  i n  Fig.  4 having equal  areas AA, E q .  (41) becomes 

-25- 



2 
2Ah2 n 2  E((<-h)2)  = 

0 
( 4 2 )  

n = l  

From the fact  t ha t  Ah i s  i n v e r s e l y  p r o p o r t i o n a l  t o  N ,  it i s  clear 

t h a t  

However t h i s  l i m i t i n g  behavior  occurs  because t h e  r e t u r n  s i g n a l  

i n  Eq.(31) i s  assumed t o  c o n s i s t  of p u l s e s  t h a t  are d i s j o i n t  

i n  t i m e ;  t h i s  cond i t ion  cannot  be p r a c t i c a l l y  maintained i n  

t h e  l i m i t  as Ah+O. I n  t h e  remainder of t h i s  s e c t i o n  w e  

develop a s i g n a l  model t h a t  conforms more c l o s e l y  t o  the  a c t u a l  

r a d a r  r e t u r n  and propose a p rocess ing  technique ,  motivated by 

t h e  preceding d i s c u s s i o n ,  t o  o b t a i n  an unbiased estimate of h 

t ha t  i s  no t  n e c e s s a r i l y  s t a t i s t i c a l l y  opt imal .  A h igh  premium 

i s  n o t  p laced  upon o b t a i n i n g  an optimum estimate because t h e  

s i g n a l  t o  no i se  r a t i o  a t  t h e  r a d a r  r e c e i v e r  i s  q u i t e  l a r g e  i n  

t h i s  a p p l i c a t i o n .  

- 

A d e s i r a b l e  s i m p l i f i c a t i o n  i n  t h e  subsequent d i s c u s s i o n  i s  

t h e  assumption tha t  p i  i n  E q s .  ( 2 8 )  and ( 3 5 )  i s  independent 

of i. It i s  w e l l  known t h a t  t h e  g r o s s  s c a t t e r i n g  p r o p e r t i e s  

of t h e  sea s u r f a c e  are a func t ion  of t h e  sea s ta te ,  i . e . ,  

surface turbulence .  It might a lso be con jec tu red  t h a t  the 

s c a t t e r i n g  f r o m  s u r f a c e  area a t  any p a r t i c u l a r  a l t i t u d e  i s  a 

f u n c t i o n  of  a l t i t u d e  because of a p o s s i b l e  v a r i a t i o n  of 

average sea s u r f a c e  s l o p e  wi th  a l t i t u d e .  If such be t h e  case , 
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quantitative information about the variation of pi is required. 

In the absence of such information we take pi = p,  which 

is altitude independent; this assumption materially simplifies 

the subsequent discussion. 

The form of the estimation equations (35)-(39) suggests a 

useful estimation procedure when Eqs. (27) and (31) do not 

hold. Returning to the expression f o r  r(t> in Eq. ( 2 7 )  which 

applies for a general f(t), require that f(t> be zero outside 

some interval; 

f(t) # 0 only if t 2 - 0 o r  t 5 - tf 

Define 

rc(A) = r(t)f (t-X) coswctdt 
T (43) 

where T is a connected region for which it is known, a proiri 

that 

r(t) - n(t) 0 if t d T 

Compute 

L 

and 

L 
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where L is a connected region such that L contains T and L contains 

(t - t )for every t in T. Upon substitution from Eq. (27) into 
f 

Eqs. ( 4 3 ) - ( 4 5 ) ,  it is readily verified that 

k+N 

wC(A) = lf(t-A)coswctn(t)dt 
T 

w S ( A )  = If(t-A)sinw tn(t)dt 
C T 

where 

It fo l lows  that 

( 4 6 )  

( 4 7 )  

where G, F, and H are given by 
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W 

G A /g2(x)dx;  

- w  

L T 

Now r e f e r r i n g  t o  Eqs, ( 4 9 )  and (501 ,  w e  observe t h a t  by de- 

f i n i n g  the estimates 

A 

A a f t r . C A  + A  S - FcJ~,]  
- p G  C 

E G  
4 

26 

then 

Et%) = A 

E i V )  = V 
A 

A 

If < i s  computed as i n  E q .  ( 3 4 1 ,  it fol lows t h a t  

C02nH 
2 

03 
C - -  xg2(x)dx  

2 vs+vc- 
26 h =  

A,+A,-FcJ~, -03 

(52) 

( 5 4 )  

c, 
Observe t h a t  h i s  determined without  knowledge of p; hence the 

sea state need n o t  be known. 

T h e  c a l c u l a t i o n s  and ope ra t ions  r equ i r ed  t o  o b t a i n  h from 

Eq.  ( 5 4 )  are summarized i n  t h e  block diagram of F i g .  5 .  The 
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blocks denoted LPF symbolize a low pass filter which represents 

rejection of the double frequency terms in the outputs of the 

multipliers. 

whose impulse 

the filter is 

The block labeled f(-t) denotes a linear filter 

response is f(-t), Since f(t) = 0 for t < 0, 

unrealizable; however, it is realizable with a 
c 

delay of t seconds. f 
Our next task is to determine the properties of the 

estimation error. 
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V I .  ESTIMATION ERRORS 

Because t h e  random variables--Vs, Vc,  As, Ac--determine 
4 
h,  t h e i r  e r r o r s  determine the inaccuracy  i n  t h e  a l t i t u d e  estimate. 

To f ac i l i t a t e  t h e  error a n a l y s i s ,  express ions  are developed f o r  

t h e s e  q u a n t i t i e s  which are u s e f u l  in t h e  l i m i t  as N + 00 and 

AT * 0 i n  Eq .  ( 2 7 ) .  

Consider r c ( X >  and rs(X) given  by Eq. ( 4 6 ) .  Define t h e  

gauss ian  random processes  

where 6( i s  t h e  Dirac d e l t a  func t ion .  S u b s t i t u t i o n  of Eq. ( 5 5 )  

i n t o  Eq. ( 4 6 )  produces 

Equations ( 5 6 )  are t o  be s u b s t i t u t e d  i n t o  E q s .  ( 4 4 )  and ( 4 5 ) .  

To sho r t en  n o t a t i o n ,  de f ine  

c1 = A can2H/2 

-00 
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so that the altitude estimate can be written as 
A 

1 

2 

5 v + v  - c  
h =  

A, + A, - c 
S C - c3 

and define 

Inspection of Eqs. ( 5 2 ) - ( 5 4 )  reveals that 

, E(Vs + Vc) - ~1 
- c 3  h =  

€{As + A,) - ~2 

With altitude error defined as 
A 
* , 

~ , = h - h  
h 

it fqllows from the definitions ( 5 9 )  that 
... 

AVs+AVc-(h+~3)(AAs+AAc) 
E, = 
h E{As+Ac)+AAs+AAc-c~ 

( 5 8 )  

( 6 0 )  

(61) 

(62) 

The simplest analysis of 8- is obtained by assuming that the 

quantity (AAs+AAc) in the denominator of Eq. (62) is small 

(on the average) compared with,(E{A,+Ac)-c2) so that a 

linearization is valid. Hence, subject to the condition, 

h 

E{(AA,+AA~)~) << CE{A,+A,}-C~I~ (63) 

( 6 4 )  
one can verify that 

E{&-} 2 0 
h 
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To e v a l u a t e  Eq. ( 6 5 )  assume t h a t  a ( t )  and b ( t )  i n  

Eq. (55) s a t i s f y  

E { a ( t ) a ( u ) )  = E{b( t )b (u ) )  = k ( u ) b ( t - u )  ( 6 6 )  

where 

L 

T 

This i s  t h e  convent iona l  model6 for a rough r a d a r  r e f l e c t o r  whose 

dimensions are darge compared wi th  a wavelength.* 

a i d  of Eqs. ( 5 6 )  and ( 6 6 )  and cons iderable  manipulat ion (us ing  

With t h e  

t h e  fact  t h a t  a ( t )  and b ( t )  are gauss ian  random processes  

having i d e n t i c a l  s t a t i s t i c s 1 , E q .  ( 6 5 )  becomes 

E { c - ~ )  - 
W 

t u R 2 ( t , u ) d t d u  + ‘IL){:\ yg2(x)dx  t 
4 pGA 

-03 
h 

L 

~ -- 

*For t h e  piecewise cons t an t  surface r ep resen ted  by Fig.4, 
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where 

CgCt - y)g(u  - y ) k ( y )  + 2an2 f ( y  - t ) f ( y  - u) Idy  

( 6 9 )  
There i s  no conceptua l  d i f f i c u l t y  i n  determining 

f o r  any cho ice  of s i g n a l  modulation, f ( t ) ,  and any area 
h 

d i s t r i b u t i o n ,  k ( t ) .  However, p r i m a r i l y  because k ( t )  and f(t) 

are non-zero only  i n  f i n i t e  i n t e r v a l s ,  t he  i n t e g r a t i o n s  r e q u i r e d  

i n  Eqs. (68) and ( 6 9 )  are l a b o r i o u s  t o  e v a l u a t e  a n a l y t i c a l l y  

and c a l c u l a t i o n  by d i g i t a l  computer i s  probably more expedient .  

I n  t h i s  d i s c u s s i o n  an a n a l y t i c  expres s ion  for  t h e  mean squared 

e r r o r  i s  d e s i r a b l e  t o  a i d  i n  understanding how it i s  affected 

by va r ious  important  parameters .  Such a r e l a t i o n  can be 

ob ta ined  i f  t he  f i n i t e  i n t e r v a l s  are approximated w i t h  

f u n c t i o n s  f ( t )  and k ( t )  t h a t  approach ze ro  a sympto t i ca l ly .  

Suppose f ( t )  i s  given by* 

where F and a are c o n s t a n t s  selected t o  meet energy and pu l se  

d u r a t i o n  c o n s t r a i n t s .  S i m i l a r l y  assume t h a t  

- B ( t - t 1 )  
k ( t )  = Be 

s u b j e c t  t o  the  c o n s t r a i n t  
m 

( 7 1 )  

*The a n a l y t i c a l  i nva r i ance  o f  gauss ian  p u l s e s  under convolu t ion  
mot iva tes  t h e s e  choices  of f ( t )  and k ( t ) .  Note t h a t  a i n  Eqs.(70)-  
(76) has  no r e l a t i o n s h i p  w i t h  the  radar beam half-width i n  Fig.3.  
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The situation is as represented in Fig. 6, Let the region T 

be bounded by To and Tf and assume 

1 a >> ,-, 

Tf -To ( 7 3 )  

so that k(t) is approximately contained entirely within T. 

Note that k(t) in Fig. 6 represents the ocean surface area 

distribution as a function of delay time; 

return echo. 

It is not the 
e 

With the above assumptions the mean squared error, as 

determined by Eq. ( 6 8 )  is 

4 0n4c2 
3 p2F4(5) '12 A2 (A1' + A i 3 )  

a 

( 7 4 )  

where A 1  and A2 are defined in Fig. 6. 

of Eq. ( 7 4 )  is thought of as consisting of ;two parts. The 

first term is caused by the statistical nature of scattering 

The right hand side 

from the ocean's surface; the second and third terms represent 

the influence of the additive noise, n(t). Because the noise 

power is relatively small in this application, we examine the 

behavior of Eq. ( 7 4 )  when on2 = 0. A graph of as a 

function of a with B as a parameter is given in Fig. 7. Increasing 

values of a and B correspond, to decreasing pulse "widths" 

for f(t) and k(t). Given a value of 8 ,  which determines the 

h 
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Figure 6 Qualitative form of f ( t  1 and k(t1 for illustrative 
example. 
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15 P = l O  

figure 7 Mean square error us f i  for cT,2=0. 
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spread of k(t), decreases with increasing a. This h 
behavior is explained by the fact that as f(t) becomes narrower, 

the return signal is approximately a large number of 

orthogonal (in time) reflections. We observed similar prop- 

erties for the "staircase" ocean surface discussed in the 

preceding section. 

decreases with increasing f3 because the spreading of the return 

Given a value of a, the mean square error 

signal is reduced as the ocean surface becomes concentrated 

at one altitude. F o r  large values of ( a / B >  

Thinking in terms of the ocean area distributed over 

10 feet in altitude and a one nanosecond duration for f(t), 

take a = 4 x 10a8/sec.2, fi = 1016/sec.2, c2'= 1018ft!/sec.2 

F o r  these values Eq. ( 7 5 )  yields 

= 0. 16 feet2 
h 

Recall that the validity of this analysis is subject 

F o r  un2 = 0, this condition takes the form to (63). 

which is satisfied f o r  large ( a l B ) .  F o r  small ( a / @ ) ,  the ocean 

surface becomes flat and Eq. (58) yields 

h 9 
lim h - - = with probability'l. 
8- A 
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The event  t h a t  the denominator of the r i g h t  hand side o f  Eq.  (58) 

i s  zero ,  r ende r ing  h undefined, has p r o b a b i l i t y  zero. 
0 
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VII. THE GATED WIDE-BEAM RADAR ALTIMETER 

The preceding s e c t i o n s  d i s c u s s  the s u b j e c t  of process ing  

t h e  e n t i r e  r e t u r n  from a narrow-beam r a d a r  altimeter. T h i s  

s e c t i o n  treats t h e  problem of ob ta in ing  an  a l t i t u d e  estimate 

from only a p o r t i o n  of  t h e  r e t u r n  s i g n a l  f o r  a wide beam r a d a r .  

The wide beam has the  advantages of  r e q u i r i n g  a r e l a t i v e l y  

smaller antenna and r e q u i r i n g  less p o i n t i n g  accuracy than  a 

narrow beam. Hence an a p p r o p r i a t e  process ing  technique f o r  

the  former may be d e s i r a b l e  i n  some a p p l i c a t i o n s .  

The phys ica l  s i t u a t i o n  f o r  a wide-beam i s  i l l u s t r a t e d  i n  

The energy i n  t h e  center of the cone strikes the Fig.  8. 

ocean su r face  apprec iab ly  before  t he  energy near  i t s  boundary. 

For the  reasons c i t e d  i n  s e c t i o n  1x1, only t h e  r e t u r n  from a 

r e l a t i v e l y  small p o r t i o n  of  the  sea s u r f a c e  i s  des i r ed .  Hence 

it i s  proposed t h a t  t h e  r e t u r n  s i g n a l  be t r u n c a t e d  t o  e l i m i n a t e  

a l l  r e f l e c t i o n s  except  t hose  from the  s u r f a c e  area nea r  the 

beam's cen te r .  

Assume t h a t  t he  r e t u r n  s i g n a l  is t r u n c a t e d  a t  t i m e  T so 

t h a t  only r e f l e c t i o n s  from o b j e c t s  w i th in  a d i s t a n c e ,  c T / 2 ,  

are t o  be considered;  t h e  propagated p o s i t i o n  of t h e  radar 

beam a t  t i m e  T / 2  i s  i n d i c a t e d  i n  Fig.  8 .  The r e c e i v e r  processes  

only the poet ion  of the r e t u r n  s i g n a l  occu r r ing  a t  t - < T 

as i n d i c a t e d  i n  Fig. 9 .  Using t h e  n o t a t i o n ,  a ( t )  and b ( t 1 ,  

introduced i n  Eq. (551,  the r e t u r n  s i g n a l  r ( t)  (ana logoasr to  

Eq. ( 2 7 )  for the d i s c r e t e  case) has t h e  form 
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Figure 8 Wide - beam geometry. 

2h - T - t  
c 

I I lustration of truncated radar return signal. 
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+ 

In order to apply the processing technique represented by Eq. 

(581, it is desired that the return have the form rd(t) given by 

t 
f(t-r)Cad(~)COS~ct+bd(r)sin~ctldrind(t); t20 (78) 

0 

a(t); t$T 
ad(t) - 0 ; t>T I 

where nd(t) is unbiased noise. Note that 

That is, rd(t) should contain the total reflection from the 

desired element of sea surface area; r(t) in Eq. (77) does not 

have this property. If h is computed according to Eq. ( 5 8 )  for 

r(t), the result is generally biased. This is qualitatively evident 

b 

from the shape of the received pulse in Fig. 9; it lacks symmetry 

because of the rise of the leading edge. This bias is referred 

to here as truncation error. 

An immediate question is whether there are circumstances in 

which r(t) 3 rd(t) f o r  all t. The answer is obtained qualitatively 

by determining the bias for a particular case. It is intuitively 

clear that the amount of error is related to the width, w, of the 

wavefront in Fig. 8 .  A rough analysis for  the case when f(t) is 



a r e c t a n g u l a r  p u l s e  and the sea s u r f a c e  i s  normal t o  t h e  

center l i n e  of t h e  r a d a r  beam i n d i c a t e s  that  

Thus 

wi th  

t h e  t r u n c a t i o n  e r r o r  f o r  t h i s  case i s  n e g l i g i b l e  compared 

a d e s i r e d  r e s o l u t i o n  o f  one f o o t  i f  w << 4 f e e t ,  which 

impl i e s  t h a t  the d u r a t i o n  o f  f ( t )  should be much less than  f o u r  

nanoseconds. Pulse  d u r a t i o n s  of one or t w o  nanoseconds a t  

X-band f r equenc ie s  have been proposed as f e a s i b l e  w i t h i n  t h e  

c u r r e n t  s t a t e  of  t h e  a r t .  2 

long 

from 

then  

Another approach t o  t h i s  problem i s  t o  permi t  r e l a t i v e l y  

t r a n s m i t t e d  p u l s e s  and a c c u r a t e l y  compute t h e  b i a s  r e s u l t i n g  

E q .  ( 5 8 )  f o r  a "mean" sea s t a t e ,  say a f l a t  sea, and 

s u b t r a c t  t h e  bias from h.  Because the  va lue  o f  t h e  t run -  
A - 

c a t i o n  e r r o r  i s  a f u n c t i o n  of t h e  shape o f  t h e  ocean s u r f a c e ,  

t h i s  procedure can on ly  be j u s t i f i e d  i f  a mean sea state 

can be de f ined .  Such a d e f i n i t i o n  impl i e s  some s o r t  o f  a- 

p r i o r i  knowledge about the  p r o b a b i l i t y  d i s t r i b u t i o n  o f  the 

shape of k ( t ) .  With t h e  mean b i a s  e r r o r  s u b t r a c t e d  o u t  o f  the 

a l t i t u d e  estimate, t h e  remaining t r u n c a t i o n  error  i s  caused 

by t h e  v a r i a t i o n  i n  sea s ta te  about t h e  mean and can be 

cons idered  an  a d d i t i o n a l  source  o f  e s t i m a t i o n  e r r o r .  A 

procedure f o r  computing t h e  t r u n c a t i o n  e r r o r  f o r  a given sea 

state i s  o u t l i n e d  i n  Appendix B. 

A t h i r d  s o l u t i o n  t o  the problem o f  e l i m i n a t i n g  t r u n c a t i o n  

e r r o r  i s  motivated by ou r  prev ious  assumption t h a t  t h e  e f fec t  
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of n(t> on the estimation error is small compared with the 

influence of other sources. If n(t> were identically zero in 

Eq. (771,  one could imagine processing r(t) to recover a(t) 

and b(t) which are subsequently "filtered" to obtain rd(t) 

exactly. If n(t> is negligible, one may try the same tech- 

nique and analyze its performance. An equivalent procedure 

descrcbed here is to operate upon f(t) to generate rd (t) and 
C 

(t), corresponding to E q .  ( 5 6 1 ,  for rd(t). rdS 
To facilitate the discussion, consider first the 

"quadrature amplitudes ,'I 
c 

After one determines how qd (t) can be obtained from qc(t), the 

method for obtaining rd (t) and rds(t) f r o m  r(t> is obvious. 

Using the notation f- (t) to represent an inverse con- 

C 

C 
1 

volution (which is readily derived from the inverse fourier 

transform of f(t)), one can immediately derive a method for 

obtaining qd (t) by comparing Eqs. ( 8 0 )  and (81). 

in Fig. 10 where the construction of both qc(t) and qdc(t) are 

illustrated. The gate operation is a multiplication of the out- 

p u t  of f-l(t> by a function that has the value, one, on the 

interval 0 < t - < T and zero elsewhere. 

This is indicated 
C 

The blocks labled f(t) - 
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I Ref Iection 

Process 

Figure IO Procedure for generating q ( t  1 from qc ( t  1. 
dC 



and f”( t )  r e p r e s e n t  convolu t ion  o p e r a t i o n s  on t he i r  r e s p e c t i v e  

i n p u t s  . 
With F ig .  1 0  i n  mind, it i s  apparent  tha t  r (t) and r d s ( t )  

dC 
are genera ted  from r ( t )  by t h e  o p e r a t i o n s  shown i n  Fig.  11. 

These q u a n t i t i e s  p l a y  t h e  r o l e  o f  rc(t)  and rs(t> i n  F ig .  5 and 

are processed i n  t h e  same manner. The presence  o f  the low-pass 

f i l t e r s  symbolizes the n e g l e c t  of t r i gonomet r i c  f u n c t i o n s  o f  

twice t h e  carrier frequency,  as i n  F ig .  5 .  

The a n a l y s i s  of t h e  performance of  t h e  estimate obta ined  

by combining t h e  o p e r a t i o n s  r ep resen ted  i n  F i g s .  5 and 11 i s  

similar t o  t h a t  given i n  s e c t i o n  V I .  One d i f f e r e n c e  i s  t h e  

fact t h a t  t h e  characteristics of t h e  n o i s e  components of r d  ( t)  

and r d s ( t )  are no t  t h e  same i n  t h e  i n t e r v a l  t > T as they  are i n  

t h e  i n t e r v a l  t 5 - T. This i s  expla ined  by t h e  fac t  t h a t  t h e  g a t e  

i n  F ig .  11 c u t s  o f f  t h e  s i g n a l  a t  t i m e  T and r (t)  and r d  ( t )  

e x h i b i t  a t r a n s i e n t  behavior .  The s i g n a l  component o f  t h i s  

t r a n s i e n t  is  just t h a t  r e q u i r e d  t o  d u p l i c a t e  t h e  effect  of 

p rocess ing  only  the  s i g n a l  component of  r d ( t )  i n  Eq. (78).  by t h e  

method of s e c t i o n  V .  However, t h e  n o i s e  component of  t h e  t r a n s i e n t  

i s  produced by the presence o f  n ( t )  i n  Eq. ( 7 7 ) .  Because t h e  system 

i n  Fig.  11 is designed without  r e g a r d  f o r  o p t i m a l i t y  i n  t h e  

presence o f  n ( t ) ,  t h e  n o i s e  component i n  t h e  ou tpu t  fo r  t > T 

may o r  may n o t  be excess ive .  The c h a r a c t e r i s t i c s  of f - ’ ( t )  are 

d i r e c t l y  r e l a t e d  t o  t h i s  ques t ion .  Because t h i s  f i l t e r  must be 

implemented, it i s  d e s i r a b l e  t h a t  i t s  ou tpu t  be bounded f o r  bounded 

i n p u t s ;  o therwise  i n s t a b i l i t y  may cause s a t u r a t i o n  of p h y s i c a l  

C 

dC S 
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components i n  the presence  of n o i s e .  

The  i n t e n t  of th is  s e c t i o n  i s  t o  demonstrate  that t h e  

p rocess ing  techniques desc r ibed  i n  s e c t i o n  V can be adapted t o  a 

ga ted  wide-beam radar under c e r t a i n  c o n d i t i o n s .  Three sugges ted  

approaches a&: (1) Use a short  t r a n s m i t t e d  p u l s e  t o  minimize 

t h e  effect  of t r u n c a t i o n  e r r o r ,  ( 2 )  Sub t rac t  a mean t r u n c a t i o n  

e r r o r  from t h e  a l t i t u d e  estimate, ( 3 )  El imina te  t h e  source  o f  

t r u n c a t i o n  e r r o r  by s u i t a b l e  s i g n a l  process ing .  These methods 

are l i s t ed  i n  o r d e r  o f  i n c r e a s i n g  complexity r e q u i r e d  f o r  t h e  

s i g n a l  p rocess ing  system. Regardless  of  which technique  i s  used, 

t h e  o b j e c t i v e  i s  t o  e l i m i n a t e  s y s t e m a t i c  bias error in t roduced  

by t r u n c a t i n g  the  radar r e t u r n  s i g n a l .  





SUMMARY AND CONCLUSIONS 

This report discusses methods for eliminating sources 

of bias errors in satellite altitude measurements made by a 

pulsed radar altimeter. In sections I1 and 111, altitude is 

appropriately defined for a radar beam having non-zero width, and 

design criteria f o r  beam width and pulse repetition frequency are 

suggested by E q s .  (10) and (12). This definition of altitude has 

the feature that effects of unwanted high frequency variations 

of the ocean's surface occurring within the beam area are partially 

eliminated from the return signal. Methods of estimating altitude 

are presented in sections V and V I 1  for narrow beam and gated wide 

beam radars and are summarized in Figs. 5 and 11. A performance 

analysis given h section VI indicates that the effects of 

random scattering On estimation errors are small if the trans- 

mitted pulse is very short. In section IV it is shown that the 

altitude measurement obtained in terms of the radar's spherical 

coordinate system can be accurately modified according tp Eq. ( 2 2 )  

to obtain the corresponding measurement in a Cartesian coordinate 

system. 

The hardware requirements for processing each radar return 

pulse by the methods suggested here are more complex than those 

necessary f o r  a leading edge tracker. However, the required 

mathematical operations--integration, filtering, squaring--are 

within the cap.abilities current radar system design. The pro- 

cessing time for each pulse is inherently small because few -ita1 
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computations are r e q u i r e d .  The complexity of t he  system i s  a 

r e s u l t  o f  the  need t o  perform c e r t a i n  averaging  o p e r a t i o n s  on the  

r e t u r n  p u l s e  t o  prevent  bias e r r o r s  o f  the same o r d e r  of magnitude 

as the  u l t i m a t e  r e s o l u t i o n  des i red .  
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APPENDIX A 

1. Accuracy Analysis  for Average Radar Range Equations 
-, 

The c o r r e c t  expression for A i n  Eq. (14) i s  

a ,I- 
.., 
A 
- 

(A-1) 

.-. 
It i s  proved here t h a t  w i t h  h s u b s t i t u t e d  f o r  r (Q,$)  i n  

E q .  (A-11 ,  as ind ica t ed  i n  E q .  (151, t he  r e s u l t i n g  accuracy 

i n  computing A i s  given by E q s .  (16) and (17). 

S u b s t i t u t i o n  of E q .  (A-1) i n t o  E q .  (14) produces 

.., 
h =  (A-2 I 

// &'G2 + f(Ar)lcos8d0d$ 

where 

r = < + A r ( 8 , @ )  

g(Ar) = 3h2Ar + 3hAr2 + A r 3  

f(b;r) * 2 h A r + + " A r 2  

.., 

.., 
(A- 3 1 

For n o t a t i o n a l  convenience, t he  func t iona l  dependence of A r  

upon e and 9 i s  understood. Regarding the effect of f ( A r )  as 

smaEL:66fApared w L t h  h2 i n  %hek&?nomhatbr4 of Eq='?GA-2), write 
% _ -  

i n  expanded form as 
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where 

(A-5 

Expansion of Eq .  CA-4) t o  second o r d e r  in A r  produces 

2 2 

; In1  h 
ICArI - {ICAr1j2 + z ICAr21 2 0 (A-6 

From t h e  phys ica l  requirement t h a t  A r  be s m a l l ,  t h e  only acceptab le  

s o l u t i o n  t o  Eq. (A-6) i s  

2 2 
2 a 2  #.. I C A r l  = -= ICAr'1 > -,Ar max h h 

where Armax i s  def ined  i n  Eq. ( 1 7 ) .  

Now observe t h a t  - 
A = I[;' t 2 6 A r  + A r ' ]  2 IC;'] + 2IC;Arl  

But from Eq. (A-7)  

h 

Hence 
a- A 5 = IWI  - = h y / c o s e d e d , j ,  

-a L/- 

t~ the orde r  accuracy stated i n  Eq. (16). 

(A-7)  

(A-83 

( A - 1 0 )  
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2.  Accuracy Analysis  f o r  Average Radar A l t i t u d e  Equation 

To determine the accuracy of i n  Eq. (201,  first 

expand t h e  t r igonometr ic  func t ions  i n  numerator and denominator 

t o  second o rde r  i n  8 and 4 .  Next expand t o  f irst  o r d e r  

about the q u a n t i t i e s  
c 

c 

A p ICr21 
The r e s u l t  i s  

- 1 -  - VAA h Y C V  + AV -3 

(A-11) 

(A-12)  
A A' 

(A-13) 

J J  
-a -- 

With 

A 

substitute for r from 

(A-12) becomes 

Eq. (A-3)  i n t o  Eq. (A-13)  so t h a t  Eq. 

(A-14 1 



The last term on the right of Eq. (A-14) represents the 

error in 5 computed from Eq. (21). Assuming the terms, 

Arhr (p and ArAre9, are the same order of magnitude, the er ror  

is as given in Eq. (23). 
$ 



APPENDIX B 

Bias Computation for a Gated Wide-Beam Radar 

To determine the effect of processing r(t) in Eq. (77) 

according to Eq. (581,  define r c ( X )  as in Eq. ( 5 6 )  and 

Using Eq. (77) and (78) for r(t> and rd(t) in Eq. (77) and 

(B-11, it follows that 

Defining A, as in Eq. (44) and Ad, by 

one determines from Eq. (B-2) that for a given sea state 

Defining rd (A) and Ad in a similar fashion with cosw,t in Eq. 
6 S 
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(B-1 )  r e p l a c e d  by s inwc t ,  one can compute E{As). 

V ,  w e  n e g l e c t  the c o n t r i b u t i o n  o f  double f requency t e r m s  t o  t h e s e  

expres s ions  so tha t  

A s  i n  s e c t i o n  

An analogous argument a p p l i e d  t o  V, wi th  

and 

( B - 8 )  

Now t h e  q u a n t i t i e s  E{V )and are known from Eqs. ( 4 9 )  
dC 

and ( 5 0 ) .  Hence on ly  the second e x p e c t a t i o n  on t h e  right hand 

s i d e s  of E q s .  ( B - 4 )  and ( B - 7 )  r e s u l t s  i n  a bias error  i n  h . '  If 
?? 

we d e f i n e  

where i d e n t i f i c a t i o n  o f  BA and BV wi th  terms i n  EQs. ( B - 4 )  and ( B - 3 )  

i s  obvious,  t h e  e s t i m a t i o n  er68r i n  Eq. (59)  becomes 
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Linea r i za t ion  of Eq. (B-9 )  produces 

As was s t a t e d  in s e c t i o n  Y E € ;  the values  of BV and BA 

depend upon t h e  sea state determined by t h e  area d i s t r i b u t i o n ,  

k ( t ) .  I f  a "mean" func t iona l  form of k ( t )  (such as t h a t  for a 

f l a t  sea su r face  perpendiculai? t o  t h e  r a d a r  beam's c e n t e r  l i n e )  

i s  hypothesized, one can sub taac t  t h e  corresponding mean values  

of BA and BV from As, A,, V s ,  and Vc.  A rough eva lua t ion  of 

c- for t h e  h o r i z o n t a l  sea su r face  l eads  t o  Eq. (79). 
h 
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